Bamaua 4. (Pippard 172) Three identical bodies of constant thermal capacity are at temperatures
300 K, 300 K, and 100 K. If no work or heat is supplied from outside, what is the highest
temperature to which any one of these bodies can be raised by the operation of heat engines?
Basaga 5. 3eMsaTa e MJI0CKa W HelfHaTa arMocdepa € U30TePMHA.

HameHo: g — 3eMHO YCKOpPEHHe, m — Maca Ha JacTUIa Bb3AyX, k — KoHcTanTa Ha boanvan, T —
TeMIepaTypa Ha arMocdepara, ny — KOHIEHTpalusa Ha arMocdepara Ha TMOBbPXHOCTTA Ha
Semsra.

a) Tbpcu ce: n(h) — 6post yacTunyu Ha eauHUIA 00eM KaTo (DYHKIMs HA BUCOYMHATA HA
aTMocdepara.

Yacruiure OT ra3a ¢ Ta3u TEMIIEpaTypa ce JIBUXKAT ¢ Hali-pa3jIudHi CKOPOCTH, KOUTO obade

ce TOUMHSIBAT HA HAKAKBO KOHKPETHO paslpejiesieHne — cbinecTByBa dyHkimsa f(v,), Taka qe
6posiT yacTunu B obema dV, gusaTo cKopoct e B uHTepBana (v, v,+dvx), ca dN = nf(v,)dv,dV.

6) Ilpuemaiiku, ye yacTuiuTe Ce JBUKAT CBOOOTHO U €MHCTBEHO Ce YIPAT €JIACTUIHO B
HOBbPXHOCTTA Ha 3eMsita, Hamepere f(v,).

Pasnpenenrennero Ha MOJIEKy/IUTE 110 OCTAHAJIUTE KOMIIOHEHTH Ha CKOPOCTTA € C'hIIOTO.

B) Hamepere pasmpejiesieHreTo Ha MOJIEKYJIUTE 110 TOJEMUHA Ha CKOPOCTTA.

r) Hamepere cpegaHoapuTMeTHYIHATA TOJIEMUHA HA CKOPOCTTA, HAN-BEPOATHATA TOJIEMUHA Ha
CKOPOCTTa U CPETHOKBAIPATUIHATA CKOPOCT.

Bamaua 6. (IPhO 2018.3B) Tumour growth (5.5 points)

Tumour growth is a very complex process where biological mechanisms
such as cell proliferation and natural selection are intertwined with physics.
In this problem we will consider a simplified model of tumour growth that
addresses the increase in pressure commonly observed in solid tumors.
Consider a group of normal cells forming a tissue surrounded by an

inextensible basement membrane, which forces the tissue to maintain
always the same form: a sphere of radius R (Figure 3).

Figure 3. Simplified tumour.

Initially the tissue does not have residual stresses, i.e. the pressure at every point is equal to the
atmospheric pressure.

At time t = 0, a tumour starts growing at the centre of this sphere and, as it grows, the pressure
inside the tissue increases. Consider that both tissues (normal, N, and tumour, T) are compressible
such that their densities, pN and pT, increase linearly with pressure:

on=0y 1+KLN ; Qr=0 1+KLT ,
where g is the rest tissue density, p is the pressure difference to the atmospheric pressure and Ky ,
Kr are the compressibility moduli (bulk moduli) of the normal and tumour tissues, respectively. In
general, tumours are stiffer and so they have a higher bulk modulus.
B.1 The mass of normal cells is not altered while the tumour is growing. Obtain the ratio between
the tumour volume and the total tissue volume, v = V1/V | as a function of the ratio between the
tumour mass (Mr) and the normal tissue mass (My), 4 = Mr/My and the ratio of the bulk moduli,
x = Kyx/Kr. [1.0 pt]
Hyperthermia is sometimes used together with chemotherapy and radiotherapy in the treatment of
cancer. In hyperthermia the cancer cells are selectively heated from the normal human body
temperature, 37 °C, to temperatures above 43 °C, inducing their death. Researchers are currently
developing carbon nanotubes covered with special proteins capable of binding to tumour cells.
When the tissue is irradiated with near-infrared radiation, the nanotubes absorb it in a much
greater extent than the surrounding tissues and therefore can be selectively heated as well as the
tumour cells to which they are attached.



Consider that the tumour, the normal cells and the surrounding tissue have a constant thermal
conductivity k, i.e. in the geometry of this problem, the energy that crosses a spherical surface of
radius 7 per unit time and per unit area is equal to k times the derivative of the temperature with
respect to r. The nanotubes are uniformly distributed in the tumour volume and are able to deliver
a power & of thermal energy per unit volume. Assume that the temperature is equal to the normal
human body temperature very far away from the tumour.

B.2 Obtain, for the stationary state, the temperature at the centre of the tumour as a function

of &, k, the human body temperature and the tumour radius, Rr. [1.7 pt|

B.3 Obtain the minimum power per unit volume, &, needed to heat up all tumour cells in a
tumour with 5.0 cm radius to a temperature larger than 43.0 °C. Take the thermal conductivity of
the tissue to be equal to £ = 0.60 W K'm™. [0.5 pt]

Consider that the tumour is irrigated by a vessel network with a branched structure like in
question A.1. As the tumour grows, when its pressure p becomes larger than the pressure P, at
the thinnest vessels, the radii of these vessels will decrease by a small amount 8. If this pressure
reaches a critical value p. (which would correspond to a radius decrease of 87.), the thinnest vessels
would collapse, compromising seriously the irrigation to the tumour. The pressure and the radius
change can be related by the following phenomenological relation:

Consider that just the smallest vessels (of level N - 1) have their radius altered when the tumour
increases its pressure.

B.4 In the linear regime (i.e. consider that p - P, is very small), express the relative drop in the
N-1

flow rate, 0 , in these thinnest vessels, as a function of the tumour volume ratio v = V¢/V
N-1

and Ky, N, pe, 87, N1, Peap- [2-3 Dt]
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